Abstract. The purpose of this note is to prove a cross section theorem for certain equivalence relations on Borel subsets of a Polish space. This theorem is then applied to show that cross sections always exist on countably separated Borel subsets of the dual of a separable C*-algebra.
Proof. We may assume that D = Y. Since D is a Gs, Y -D is a countable union of closed sets. None of these closed sets has an interior, for D is dense in Y. But D is a countable union of closed sets. The Baire category theorem implies that one of these closed sets has an interior. Hence, there exists an open set V so that V is contained in D. Q.E.D. Lemma 4 . Let X and R be as in Theorem 1. Then X/R is countably separated.
Proof. Let Vm (m > 1) be a basis for the topology of X. Then the R(Vm) (m > 1) are Borel sets which separate the R -equivalence classes. To see this, let a and b be elements of X so that R (a) and R (b) are disjoint. If R (b) is not contained in R (a), there exists a c in R(b) and a positive integer m so that c is in Vm and Vm n R(a)= 0. But then Vm n R(a) = 0, and so R(Vm) n R (a) is empty. Hence, R (b) is contained in R ( Vm) and R (a) is contained in X -R(Vm). So we may assume that R(b) is contained in R(a). It follows from Lemma 3 that there is an integer m so that R (a) n Vm is nonempty and R(a) n Vm =R(a)n Vm. But then R(Vm) n R(b) is empty. If not, there exists a c in R(b) n Vm CR(a)r\Vm = R(a) n Vm. Hence, R(b) = R(c) = R(a). Contradiction. Hence, R(a) is contained in R(Vm) and R(b) is contained in X -R ( VJ. Q.E.D.
Proof of Theorem 1. If V is an open subset of X and U = B n F, Ä defines an equivalence relation /?,, on U by /^(è) = Ä(/3) n U. The Ä^-saturation of any open set is Borel. Now V itself is a Polish space, and each /^-equivalence class is both a Gs and an Fa in V. Hence, by Lemma 2, there is a Borel set S which intersects each Äy-equivalence class in at most one point, and which intersects each /^-equivalence class which is closed in F in exactly one point. Let Vm(m > 1) be a basis for the topology of X. For each Vm, let Sm be a corresponding S, and let 5" = \J m>\Sm-S' is a Borel subset of X. S' intersects each ^-equivalence class in at most countably many points. Furthermore, S' intersects each Ä-equivalence class in at least one point by Lemma 3. X/R is countably separated, and therefore is Borel isomorphic to an analytic subset of [0, 1] by Proposition 2.9, p. 8, of Auslander-Moore [2] . Let g: S' -» X/R be the natural surjective Borel mapping. The graph of g, say C, is a Borel subset of 5" X [0, 1]. Horizontal sections of C are at most countable. Hence, theorems of S. Braun and N.
Luzin (see 42.4.5, p. 378, and 42.5.3, p. 381, of Hahn [8] ) show that the horizontal projection of C, namely X/R, is standard and that there exists a Borel subset S" of 5" so that g\S" is a bijection onto X/R. Let/ = (g\S")~x. / is a Borel mapping by Souslin's theorem. Q.E.D.
See Dixmier [5] for most of the notation and results on C*-algebras used in this note. The Borel structure on the dual of a C*-algebra is that generated by the hull-kernel topology. The following corollary might be a useful tool in proving local versions of known theorems in C*-algebrasc and group representations (see, for instance, Moore's appendix to Auslander and Kostant [1] ). First, let M be a Borel subset of J X J such that tt(M) = J, M has no Borel uniformization, and each vertical section of M is closed. The existence of such an M can be seen as follows. Let C, and C2 be disjoint coanalytic subsets of J which are not Borel separable (see Sierpinski [10] for the existence of these Cs). Let Ax = J -Cx and A2 = J -C2. Ax and A2 are analytic sets whose union is J. Let M¡ be a closed subset of J X J which projects onto Ai (i = 1, 2). Let M be the Borel set which is the union of M\ and M2. If T were a Borel uniformization of M, then D = tt(T n (Mx -M2)) would be a Borel subset of J which contains C2 and has empty intersection with C,. Thus, M has no Borel uniformization. This argument for the existence of M is due to D. Blackwell.
Identify J with NN. Let hn .. " be a homeomorphism of J onto /(«,, . . . , nk) = [z\z is in J and z, = n¡ (1 < / < k)], and let T" ... % : (x, z) -+(x,hn¡ ...n/t(z)), J X J->J X J. Let B= UTnr..nt(M). Then B is a Borel subset of / X J,tt\B is open, tt(B) = J, and each vertical section of B is an F". If T were a Borel uniformization for B, then C = \J"T~X((T n Tn(M)) -Uk<nTk(M)) would be a Borel uniformization of M. Here k and n denote finite multi-indices and < is the usual lexicographic order.
Suppose that B is a Borel subset of a Polish space X, R is an equivalence relation on B such that each equivalence class is a Gs in X, and such that the
